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Let n be a Euclidean space and let S be a Euclidean semigroup, i.e., a subsemi-
group of the group of isometries of n. We say that a semigroup S acts discontin-
uously on n if the subset s ∈ S  sK ∩K =  is ﬁnite for any compact set K of
n. The main results of this work are
Theorem. If S is a Euclidean semigroup which acts discontinuously on n, then
the connected component of the closure of the linear part 	S
 of S is a reducible group.
Corollary. Let S be a Euclidean semigroup acting discontinuously on n; then
the linear part 	S
 of S is not dense in the orthogonal group O	n
.
These results are the ﬁrst step in the proof of the following
Margulis’ Conjecture. If S is a crystallographic Euclidean semigroup, then S is a
group.  2002 Elsevier Science (USA)
1. INTRODUCTION
Let G = Aff n be the group of all afﬁne transformations of the
n-dimensional real afﬁne space. This group is the semidirect product
of GLn	
 and the subgroup of all parallel translations which can be
identiﬁed with n, i.e.,
Aff n = nGLn	n

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We will consider the natural homomorphism
 Aff n → GLn	n
	
and, because the group Aff n is a semidirect product, we have for every
element g ∈ Aff	n
 the decomposition
g = vg	g
	 vg ∈ n	 	g
 ∈ GL	n

The element 	g
 is said to be the linear part of the transformation g.
Therefore we can associate to any subgroup (subsemigroup) S ⊆ Aff n
the subgroup (subsemigroup) 	S
 = 	s
	 s ∈ S. Let q n →  be the
quadratic form q	x
 = x21 + · · · + x2n, where x = 	x1	    	 xn
. Then
Isom n = g ∈ Aff n  q		x

 = q	x
	 ∀x ∈ n
is the group of isometries of the Euclidean afﬁne space n. We have
Isom n = nO	q
	
where O	q
 is the orthogonal group of the form q.
We say that a semigroup S, S ⊆ Aff n acts properly discontinuously if
the set s ∈ S  sK ∩ K =  is ﬁnite for every compact set K in n (we
consider n with the Euclidean topology d	x	 y
 = √q	x− y
.
We say that a semigroup S is crystallographic if it acts properly discontin-
uously and there exists a compact set K˜, K˜ ⊆ n, such that
⋃
γ∈
γK˜ = n
The main goal of our work is to prove
Theorem. If S is a subsemigroup of Isom n and acts discontinuously on
n, then the connected component of the closure of the linear part 	S
 of S
is a reducible semigroup.
Corollary. Let S be a Euclidean semigroup (i.e., a subsemigroup of
Isom n) acting discontinuously on n; then the linear part 	S
 of S is not
Zariski dense in the orthogonal group O	n
.
These results are the ﬁrst step in the proof of the following:
Margulis’ Conjecture. If S is a crystallographic subsemigroup of Isom	n

then S is a group.
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The main theorem will be proved in Section 4. In Section 2 we explain the
basic properties of proximal elements. This section as well as Section 3 con-
tains several notations and deﬁnitions which we use throughout the paper.
In Section 3 we show how to construct a set of proximal elements and, using
them, how to construct a free subsemigroup. We introduce in Section 4 the
important deﬁnition of the cone C	S
 for the subsemigroup S of Euclidean
transformations and prove that there is a strong connection between some
properties of the cone with the fact that S acts properly and that S is a
crystallographic semigroup. Then based on these facts, we prove the main
theorem.
We would like to mention the following two steps in our work. The ﬁrst
one is the deﬁnition of the convex cone C	S
, which is the convex hull of
“all possible” directions coming from the acting semigroup S. The idea of
this deﬁnition is based on the following observation: for a crystallographic
semigroup S the cone C	S
 contains almost all possible directions and is
S-invariant. Now, if this cone is “big” and contains the zero vector, then
there is a compact subset K in n such that KS = ksk ∈ K	 s ∈ S = n.
The next step is Proposition 4.5, which says that if the acting semigroup
is not almost solvable (more exactly, the algebraic closure of S is not almost
abelian), then every k elements gi, i = 1	    	 k, in our semigroup S with
non-trivial translation vectors v0	gi
 can approximated by free generators
in the following sense: for any given  we can ﬁnd k free generators g∗i , i =
1	    	 k (i.e., elements which freely generate subsemigroup of S), such that
the angles between the parallel translations v0	gi
 and v0	g∗i 
, i = 1	    	 k,
are less than . This statement can be considered as a Tits-type alternative.
I am grateful to H. Abels and G. Margulis for fruitful discussions and
encouragement. I also thank Bielefeld University and Yale University for
their support.
2. PROXIMALITY AND PROXIMAL ELEMENTS
In this section we explain the basic properties of proximal elements.
Let V be a ﬁnite-dimensional vector space over a local ﬁeld k with abso-
lute value  ·  on k. We ﬁx a norm  ·  and a corresponding metric d on
V . Our considerations do not depend on the chosen norm because any two
norms on V are equivalent in the following sense: Two functions f and
f ′ (i.e., norm, metric, etc.) on a set X are equivalent if there is a positive
constant c ≤ 1 such that
cf 	x
 ≤ f ′	x
 ≤ c−1f 	x

for every x ∈ X.
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Let g be a linear transformation and let χ	λ
 = ∏ni=1	λ− λi
, n = dim V ,
be the characteristic polynomial of the transformation g. We put 	g
 =
λi  λi = max1≤j≤n λj.
The linear transformation g is called proximal if 	g
 = 1. Suppose g
has a unique eigenvalue λ1 of maximal modulus; then λ1 ∈ k and we have
the two subspaces:
Vλ1 = v ∈ V  gv = λ1v	 λ1 ∈ 	g

Vλ1 = v ∈ V  χ1	g
v = 0	 where χ1	λ
 = χ	λ
/λ− λ1	
and V = Vλ1 ⊕ Vλ1 , and dim Vλ1 = 1; then g is proximal.
In general, let P be the projective space corresponding to V . Then for
every element g ∈ GL	V 
 we will denote by gˆ the projective transformation
corresponding to g, and by A	g
 and A′	g
 the subspaces of P correspond-
ing to the kernels of the endomorphisms χ1	g
 and χ2	g
, respectively,
where
χ1	λ
 = !λi∈	g
	λ− λi
	 χ2	λ
 =
∏
λi ∈	g

	λ− λi

It is easy to check that χi	λ
 ∈ kλ, i = 1	 2 [7]. Then g is proximal iff
A	g
 is a point in P .
Now we consider the metric (see [1, 7] for an explanation about deﬁnition
of this metric) dˆ on the projective space P induced by the metric d on V .
For every g ∈ GL	V 
 we put
gˆ = sup
x	 y∈P
x=y
dˆ	gˆx	 gˆy

dˆ	x	 y


We will use the following criterion for proximality due to Tits [7].
Lemma 2.1 (Tits’ Criterion). Let g ∈ GL	V 
 and let K be a compact
subset of P such that gˆK ⊂ ◦K and gˆ K  < 1. Hence
◦
K denotes the interior
of K with respect to the topology of P . Then g is proximal, gˆ has a unique
ﬁxed point in
◦
K, and A′	g
 ∩K = .
Lemma 2.2. Let gi ∈ GL	V 
 be proximal for i = 1	    	m. Assume that
A	gi
 ∈ P\A′	gj
	 i = j	 1 ≤ i	 j ≤ m
Then there is N ∈ , N > 0, such that gN1 	    	 gNn freely generate a free
subsemigroup S˜ = gN1 	    	 gNn  of GL	V 
.
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Proof. Let us consider compact subsets Ki and open subsets Ui in P
such that
(1) A	gi
 ∈ Ui ⊆ Ki ⊆ P\A′	gj
, 1 ≤ i	 j ≤ m;
(2) Ki ∩Kj = , 1 ≤ i = j ≤ m;
(3) There is a point x0, x0 ∈ P\A′	gi
, 1 ≤ i ≤ m, x0 ∈ P\	
⋃m
i=1Ki
 ∪
	⋃mi=1A′	gi

.
Then there is a positive N such that
(1) gˆni 	Kj
 ⊆ Ui, for all 1 ≤ i	 j ≤ m and n ≥ N;
(2) gˆni 	x0
 ∈ Ui, for all 1 ≤ i ≤ m and n ≥ N .
Assume now that gˆn1Ni1 · · · gˆ
nkN
it
= gˆs1Nj1 · · · gˆ
skN
jk
. Then gˆn1Ni1 · · · gˆ
ntN
it
	x0
 ∈ Ui1 ,
gˆ
s1N
j1
· · · gˆskNjk 	x0
 ∈ Uj1 . Since Ui1 ∩ Uj1 =  if i1 = j1 because of (1) and
(2), then we will have a contradiction. Then j1 = i1 and n1 = s1 and so on.
3. QUASI-PROJECTIVE TRANSFORMATIONS
In this section we shall recall the notion of quasi-projective transforma-
tion due to Furstenberg [4], and notions and results about contractions and
proximal elements from [1, 5].
A map b P → P is called quasi-projective if there is a sequence of pro-
jective transformations of P converging pointwise to b. Let M1	b
 be the
closure of the set of points where b is discontinuous, and let M0	b
 be the
b-image of the set of continuity points of b.
We will call a sequence s = 	Bn
n∈ in GL	V 
 contractive if
(1) B̂n converges pointwise on P ,
(2) there is a sequence 	αn
n∈ ∈ ∗ such that 	αnBn
n∈ converges
to a linear map of rank 1.
Let s be a contractive sequence and let b1 be a linear rank 1 map such
that 	αnBn
n∈ converges to b1 (see [1]). Then we will put
M0	s
 = projective subspace corresponding to Im b1
and
L1	s
 = projective subspace corresponding to ker b1
These subspaces are well deﬁned (see [1, 3.8]).
A quasi-projective transformation b is called a contraction if M0	b
 con-
sists of one point only.
652 g. a. soifer
For a subsemigroup H of GL	V 
 let H be the set of quasi-projective
transformations which are pointwise limits of sequences of projective trans-
formations induced by elements of H.
Let H be a subsemigroup of GL	V 
. Then V (considered as an
H-module) is called strongly irreducible if there is no ﬁnite union of linear
subspaces that is invariant with respect to H other than 0 and V . Let  be
the Zariski closure of H and let 0 be the connected component of  in
the Zariski topology. Then V is strongly irreducible as an H module, iff V
is 0-irreducible.
Let us also recall that the Zariski closure of a semigroup is a group.
For the proof of the next statement we use the proof of Lemmas 3.7 and
3.10 in [1].
Lemma 3.1. Let h be a contractive sequence h = 	hm
m∈, hm ∈ GL	V 
,
and M0	h
 ∈ L1	h
. Then there is M , M ∈  such that
(1) hm is proximal for m > M;
(2) for every ε, v > 0 there is M	ε
 such that dˆ	A	hm
	M0	h

 < ε,
dˆ	A′	hm
	 L1	h

 < ε if m > maxM	M	ε
.
Proof. Follows immediately from Tits’ Criterion 2.1 and [1, Lemma 3.7,
3.10].
Lemma 3.2. Suppose that the subsemigroup H of GL	V 
 is Zariski-
connected and acts irreducibly on V . If H contains a contractive sequence
then there exists a ﬁnite set of proximal elements h1	    	 ht in H with the
following properties:
(1) The points A	hi
 are distinct.
(2) A	hi
 ∈ P\A′	hj
 for 1 ≤ i	 j ≤ t.
(3)
⋂
1≤j≤t A′	hj
 = .
(4) The lines corresponding to A	hi
, 1 ≤ i ≤ t, span V .
Proof. By [1, Lemma 3.3], there is a ﬁnite set of contractive sequences
s1	    	 st in H with the following properties:
(1)′ The points M0	Si
 are distinct.
(2)′ M0	Si
 ∈ L1	Sj
 for 1 ≤ i	 j ≤ t.
(3)′
⋂
1≤j≤t L1	Sj
 = .
(4)′ The lines corresponding to M0	Si
, 1 ≤ i ≤ t, span V .
Then by Lemma 3.1, we will obtain for sufﬁciently small ε, ε > 0, a ﬁnite
set of proximal elements h1	    	 ht in H which satisfy all of the conditions
of the lemma.
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Lemma 3.3. Let H be a Zariski-connected subsemigroup of GL	V 
 which
acts irreducibly on V . Suppose that h1	    	 ht is a ﬁnite set of proximal ele-
ments H, such that
(i) The points A	hi
 are distinct, for all i, 1 ≤ i ≤ t.
(ii) A	hi
 ∈ P\A′	hj
, for all i	 j, 1 ≤ i	 j ≤ t.
(iii)
⋂
0≤j≤t A′	hj
 = .
(iv) The lines corresponding to A	hi
, 1 ≤ i ≤ t, span V .
Then for every element h ∈ H, and an inﬁnite subset M in  there are N =
N	h
 in , and for an inﬁnite subset M˜ , M˜ ⊆ M , and two numbers i0 =
i0	h
, j0 = j0	h
 such that for m ∈ M˜ , k > N ,  > N ,
(1) h˜ = hki0hmj0hmhni0 is a proximal element.
(2) A	h˜
 ∈ P\A′	hj
 for 1 ≤ j ≤ t.
(3) A	hj
 ∈ P\A′	h˜
 for 1 ≤ j ≤ t.
Proof. Let B = A′	h
; then since B = P and because of (iv), there is
i0, 1 ≤ i ≤ t, such that A	hi0
 ∈ B. Now by [7, Lemma 3.9], there is an
inﬁnite subset, M˜1 ⊆M , such that the sequence 	hˆmA	hi0

m∈M˜1 converges
to some point p ∈ P when m goes to inﬁnity. Then, by (3), one can ﬁnd j0,
1 ≤ j0 ≤ t, such that p ∈ A′	hj0
. For all r and S, 1 ≤ r ≤ t, r = i0, 1 ≤ s ≤ t,
take a compact subset Kr of P such that A	hr
 ∈ K0r ⊆ Kr ⊆ P\A′	hs
.
Let W be an open subset containing a point p such that W ⊆ P\A′	hj0
.
Then there is a compact subset Ki0 in P and number M =M	Ki0	W 
 such
that
A	hi0
 ⊆
◦
Ki0 ⊆ Ki0 ⊆ P\A′	hi0

and
hˆmKi0 ⊆ W for all m ∈ M˜1	 m > M
There exists N˜ , N˜ ∈ , such that
hˆni0	Kr
 ⊆
◦
Ki0 for all n > N˜ and r	 1 ≤ r ≤ t	
and
hˆnj0	W 
 ⊆
◦
Kj0 for all n > N˜
Now, we put M˜ = m ∈ M˜1	m > M	Ki0	W 
.
Then for all k	 n	  > N˜ , m ∈ M˜ , and K = ⋃tr=1Kr ,
hˆki0 hˆ
n
j0
hˆmhˆi0K ⊆
◦
Ki ⊆
◦
K 
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Now, by [7, Lemma 3.7], there are two integers Ni0 and Nj0 such that if
n ≥ Nj0 , then ∥∥hˆnj0 K
∥∥ < 1	 because K ⊆ P\A′	hj0
	
and if n ≥ Ni0 , then∥∥hˆni0 K
∥∥ < 1	 because K ⊆ P\A′	hi0

For an element h, we have∥∥hˆm Ki0
∥∥ ≤ 1	 for all m ∈ M˜
Thus, if ˜˜N = maxNi0	Nj0, k	 n	  ≥ ˜˜N and m ∈ M˜ ,∥∥hˆki0 hˆnj0 hˆmhˆi0 K
∥∥ < 1
Then, by Tits’ criterion, for k	 n	  ≥ maxN˜	 ˜˜N, m ∈ M˜ ,
(1) h˜ = hki hnj hshmi is proximal;
(2) A	h˜
 ∈ K ⊆ P\⋃ti=1A′	hi
;
(3) K ∩A′	h˜
 = , so ⋃ti=1A	hi
 ⊆ P\A′	h˜
;
and the statement of the lemma is proved.
4. DISCONTINUOUSLY ACTING SEMIGROUPS
Let g ∈ Isomn and let V0	g
 = v ∈ n  	g
v = v. There is a max-
imal g-invariant afﬁne subspace A0	g
 of n such that g induces a trans-
lation on it. This translation can be zero. In that case all points on A0	g

are ﬁxed. Assume ﬁrst that g has no ﬁxed points. For example, if g is an
element of S of inﬁnite order and S acts discontinuously on n, then g has
no ﬁxed points. So for such elements g, we will deﬁne the vector v0	g
 as
follows:
v0	g
 = gx− xgx− x 	 x ∈ A
0	g

It is easy to see that the vector v0	g
 does not depend on x. If the element
g has a ﬁxed point we will set v0	g
 = 0.
The subset C of n is called a convex cone if
(1) for every α ∈ , α > 0, v ∈ C ⇒ αv ∈ C;
(2) for every v	w ∈ C ⇒ v +w ∈ C.
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The intersection of any set of convex cones is a convex cone. So for every
subset X in n there is a smallest convex cone CX such that X ⊆ CX .
For any subsemigroup S	 S ⊆ Isom n let us now deﬁne the convex cone
C	S
 as CX , where X = v0	g
	 g ∈ S, 	g
 is a regular element of the
group 	S
.
Let us recall that an element g of an algebraic linear group G is called
regular iff
dim V0	g
 = min
h∈G
V0	h

The following simple statement is probably well known.
Lemma 4.0. Let C be a convex cone in n such that the closure C in the
Euclidean topology is a vector subspace of n. Then C = C.
Proof. We assume that C = n, and we will prove that n = C. First,
there are n linear independent vectors v1	    	 vn which belong to C. Let
v˜ = −v1 − · · · − vn. As v˜ ∈ C, we can ﬁnd v ∈ C, such that v = α1v1 + · · · +
αnvn and αi < −1/2 for all i	 1 ≤ i ≤ n. Then
C ⊇ span+v	 v1	    	 vn = αv + α1v1 + · · · + αnvn	
α > 0	 αi > 0	 i = 1	    	 n ⊇ spanv1	    	 vn = n
Remark. Assume that the closure C	S
 = n, where S is a subsemigroup
of Isom n. Then, by Lemma 4.0, there is a ﬁnite set of elements g1	    	 gr
of S such that
(1) spanv0	g1
	    	 v0	gr
 = n.
(2) There are positive scalars α1	    	 αr such that α1v0	g1
 + · · · +
αrv
0	gr
 = 0.
Let us recall the following well-known fact that a compact closed subgroup
of O	n
 in Euclidean topology is Zariski closed in O	n
, since the group
O	n
 is compact, the Euclidean closure of 	S
 is Zariski closed. So in the
sequel we will just use the word “closure” and will not specify the topology
and write 	S
.
Lemma 4.1. The closure C	S
 is 	S
-invariant.
Proof. Let g be a regular element of S, i.e., 	g
 is regular in 	S
, and
let s be any non-trivial element in S. There are three subsets M1	M2, and
M3 of  such that
(1) 		g
m
m∈M1 converges to 	g
 when m→∞	m ∈M1.
(2) 		s
m
m∈M2 converges to 	s
 when m→∞	m ∈M2.
(3) 		s
m
m∈M3 converges to 	s
−1 when m→∞	m ∈M3.
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(4) sm2 gm1 sm3 is a regular element of S for all m1 ∈ M1, m2 ∈ M2,
m3 ∈M3.
Let use brieﬂy explain the idea of the proof. Let mi	n
 ∈ Mi	 i =
1	 2	 3 g	n
 = sm2	n
 gm1	n
 sm3	n
; and mi	n
 → ∞ if n → ∞. Then
	g	n

 → 	s
	g
	s
−1, and as a ﬁrst step we will show that the
sequence of subspaces V0	g	n

 converges to 	s
V0	g
. Then, assuming
additionally that m1	n
 converges to inﬁnity “much faster” than m2	n

and m3	n
 and looking at the projection of a vector g	n
x − x onto
V0	g	n

, we will show that the corresponding norm one vector converges
to 	s
v0	g
. This means that 	s
v0	g
 ∈ C	S
 for every s ∈ S.
Let V0	g
⊥ be the orthogonal complement to V0	g
. Then there is a
positive constant c = c	g
, such that
	g
w −w ≥ cw for all w ∈ V0	g
⊥
So we will assume, because of (1), that
	g
m w −w ≥ cw for all w ∈ V0	g
⊥ and m ∈M1
Consider three functions mi:  → Mi, i = 1	 2	 3, such that mi	n
 → ∞
when n→∞ and put g	n
 = sm2	n
 gm1	n
 sm3	n
.
Let Vn = V0	g	n

. We will show now that the sequence 	Vn
n∈ con-
verges to 	s
 · V0	g
 when n→∞. If instead of g	n
, we consider g¯	n
 =
s−1g	n
s, then since V0	g	n

 = 	s
−1V0	g	n

, we have to show that the
sequence V0	g	n

n∈ converges to V0	g
 if n→∞. We do this now.
It is clear that g	n
 = sm2	n
 gm1	n
 sm3	n
 where m2	n
 = m2	n
 −
1	 m3	n
 = m3	n
 + 1, and
(1) 	s
m2	n
 → e, when n→∞;
(2) 	s
m3	n
 → e, when n→∞;
(3) for all n	 n ∈ , g	n
 is a regular element.
Taking a subsequence, we can assume that the sequence 	Vn
n∈, Vn =
V0	g	n

, converges to the subspace V0 and V0 = V0	g
. So we can assume,
since it is true for big n, that for every n there is a vector vn, vn ∈ Vn, such
that if
vn = v0	n
 + v0	n
	
where v0	n
 ∈ V0	g
	 v0	n
 ∈ V0	g
⊥, then
v0	n
 ≥ c1vn
for some constant c1, which does not depend on n.
discontinuously acting euclidean semigroup 657
It is easy to show that
g	n
vn − vn ≥ 	g
m1	n
v0	n
 − v0	n

−	s
m3	n
vn − vn − 	s
m2	n
vn − vn
Then for big enough n,
∥∥g	n
vn − vn∥∥ ≥ cc12 vn
On the other hand, g	n
vn − vn = 0, a contradiction. So the sequence
	Vn
n∈ converges to 	s
V0	g
. Now, we will show that the vector 	s
v0	g

belongs to C	S
, which means that C	S
 is 	S
-invariant. Assume that the
functions we found above have the following property:
(i) m1	n
 ≥ m22	n
 +m23	n
.
Let πg be the projection of n onto V0	g
 parallel to V0	g
⊥. Then for
every point p, v0	g
 = πg	gp − p
/πg	gp − p
. Take p ∈ A0	g
, qn =
s−m3	n
p; then
wn = sm2	n
 gm1	n
 sm3	n
qn − qn = 	sm2	n
 gm1	n
p− p
 +
(
sm3	n
qn − qn
)
= 	sm2	n
p− p
 + 	s
m2	n
	gm1	n
p− p
 + 	p− sm3	n
p

As above, let πn be the projection of n onto V0	g	n

 parallel to
V0	g	n

⊥. Now because of (i), if w¯n = 	s
m2	n
	gm1	n
p−p
, the sequence
	πn	wn
/πn	wn

n∈ has the same limit as 	πn	w¯n
/πn	w¯n

n∈. On
the other hand, it is easy to see that
(ii) w¯n = 	s
m2	n
	m1	n
 · v0	g

;
(iii) 	πn
n∈ converges to πg.
Then, π1	wn
/πn	wn
 converges to 	s
 · v0	g
, which means that for
every s ∈ S and a regular element g from S, 	s
 · v0	g
 ∈ C	S
, which
proves the statement.
Lemma 4.2. Assume that the restriction of 	S
 to every 	S
-invariant
irreducible subspace is non-trivial; then C	S
 is a vector subspace of n.
Proof. Because of Lemma 4.0, it is enough to show that C	S
 is a sub-
space of n. Assume that this is not true. Then there is a hyperplane
W of n and a vector w0 such that C	S
 ⊆ v ∈ n  	v	w0
 ≥ 0 and
W = v ∈ n  	v	w0 = 0
. Let T = 	S
 and let µ be the Haar mea-
sure on the compact group T . Let v0 be a vector from C	S
 such that
	w0	 v0
 > 0. Then the vector v1 =
∫
g∈T gv0 dµg is = 0, because 	v1	 w0
 > 0
and 	g
v1 = v1 for all g ∈ S. This is impossible, because of our assumption.
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Corollary 4.3. Assume that the semigroup S is as in Lemma 42. Then
there are regular elements g1	    	 gr from S such that
(1) spanv0	g1
	    	 v0	gr
 = n.
(2) There are positive scalars α1 + · · · + αr ∈ n such that
α1v
0	g1
 + · · · + αrv0	gr
 = 0
Proof. The proof follows immediately from Lemmas 4.1 and 4.2 and
Remark 1.
Lemma 4.4. Suppose a Euclidean semigroup S contains elements
s1	    	 sm with the following properties:
(1) spanv0	s1
	    	 v0	sm
 = n;
(2) there are α1	    	 αm ∈ n, αi > 0, i = 1	    	m, such that
α1v
0	s1
 + · · · + αmv0	sm
 = 0
Then there is a compact subset K of n, such that for every point p ∈ n the
intersection K ∩ S˜p is non-empty, where S˜ is the subsemigroup of S generated
by s1	    	 sm.
Proof. Let us ﬁrst show that there is a constant α, α = 0, α =
α	s1	    	 sm
, such that for every non-zero vector v	 v ∈ n, there is a
number i	 1 ≤ i ≤ m, such that 	v	 v0	si

 ≤ −α2v. For any vector v in
n, v = 1, we will set
αv = max
1≤i≤n
−	v	 v0	i

	 0
From (2) it follows that αv > 0 for every v with v = 1. Now let
α2 = inf
v	v=1
αv
Compactness of the sphere v ∈ n v = 1 implies that α > 0.
Let us ﬁx a point p0	 p0 ∈ n and show that there exist two constants
R0 = R0	α
 ∈ , R0 > 0, and β = β	α
, 0 < β < 1, β ∈ , such that if
d	p	p0
 > R0; then there is an si0 such that
d
(
smi0p	p0
)
< βd	p	p0
 for some m ∈ 	m > 0
Namely, let
a = max
1≤i≤m
d
(
p0	A
0	si

)
	
b = max
1≤i≤m
x∈A0	si

six− x
Let v be the vector p − p0 (i.e., started in p0 with the endpoint p).
Then there is an index i0, such that 	v0	si0
	 v
 ≤ −α2v. Let π be an
afﬁne subspace, orthogonal to A0	si0
 and containing the point p0. There
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is m	m ∈ , m > 0, such that
(1) d	p0	 smi0p
 ≤
√
	1− α4
d	p0	 q
 + b+ a.
Let β be a real number,
√
1− α4 < β < 1. Let us set R0 = 	b +
a
/	β −
√
1− α4
 and assume that d	p0	 p
 > R0. Then b + a <
	β−
√
1− α4
d	p0	 p
 and therefore d	p0	 smi0p
 ≤ βd	p0	 p
.
Let K = U	p0	 2R0
 = x ∈ n  d	p0	 x
 ≤ 2R0. We will show
now that for every point p on n the intersection K ∩ S˜p = . Let Op
be the closure of the orbit S˜p and let q be a point on Op such that
d	p0	 q
 = d	p0	 Op
. Assume that q ∈ K, then d	p0	 q
 > 2R0. Hence,
there is m	m > 0, m ∈ , and si0 such that d	p0	 smi0 q
 ≤ βd	p0	 q
 <
d	p0	 q
. It is clear that smi0 q ∈ Op, which contradicts our assumption that
d	p0	 q
 = d	p0	 Op
.
Proposition 4.5. Let S be a subsemigroup of Isom	n
. Assume that 	S

is a connected non-solvable group. Then for every ﬁnite set g1	    	 gm ⊆ S,
such that v0	gi
 non-zero for all i	 1 ≤ i ≤ m, and every positive ε	 ε < 1,
ε ∈ , there are elements g∗1	    	 g∗m ⊆ S such that
(1) g∗1	    	 g
∗
m freely generate a free semigroup;
(2) 	v0	g∗i 
	 v0	gi

 ≥ 1− ε for all i	 1 ≤ i ≤ m.
Proof. There is [7] an irreducible representation ρ S → GL	V 
 of S
where V is a ﬁnite-dimensional space over a local ﬁeld, such that there is
a proximal element in ρ	S
. Then, because of Lemma 3.2, there is a ﬁnite
set h1	    	 ht of elements in S such that
(i) ρ	hi
 is proximal for all i	 1 ≤ i ≤ t.
(ii) A	ρ	hi

 ⊆ P\A′	ρ	hj

, 1 ≤ i	 j ≤ t.
(iii)
⋂
1≤j≤t A′	ρ	hj

 = .
(iv) The lines corresponding to A′	hi
, 1 ≤ i ≤ t, span V .
Now letM be an inﬁnite set,M ⊆ , such that the sequence 	g1
m, m ∈
M , converges to 	g1
 when m converges to inﬁnity. By Lemma 3.3, there
is a number N , N ∈ , and an inﬁnite subset M˜ , M˜ ⊆ M , i and j, such
that for k > N , n > N , r > N , and m ∈ M˜ ,
(1) The element ρ	hni hkj gm1 hri 
 is proximal.
(2) A	ρ	hni hkj gm1 hri 

 ⊆ P\A′ρ	hj
	 1 ≤ j ≤ t.
(3) Aρ	hj
 ⊆ P\A′	ρ	hni hkj gs1hri 
, 1 ≤ j ≤ t.
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Now we will consider subsequences 	ni
i∈, 	ki
i∈, 	ri
i∈, 	mi
i∈ such
that
(6) The sequences 		hi
ni
t∈, 		hj
kt 
t∈, 		hi
rt 
t∈ converge to
the identity in the Euclidean topology when t →∞.
(7) n2t + k2t + r2t ≤ mt , t ∈ ,
(8) N ≤ mint∈	nt	 kt	 rt
 ≥ N .
Then the subspaces A0	hhti hktj gmt1 hrti 
 converge to A0	g1
 by (6). If p
is any point in A0	g1
, then because of (7), the direction of the vector
h
−rt
i · hntt hktj p− g−mt1 p converges to v0	g1
. Hence the sequence of vectors
v0	hhti hktj gmt1 hrti 
 converges to v0	g1
. This means that for any 1 ≥ ε > 0,
ε ∈ , there is T , T ∈ , T = T 	ε
, such that(
v0
(
h
ht
i h
kt
j g
mt
1 h
rt
i
)
	 v0	g1

) ≥ 1− ε if t > T 	ε

So it is enough to set
g˜1 = hnti hktj gmt1 hrti where t > T 	ε

As far as the set h1	    	 ht	 g˜1 is concerned, it satisﬁes the same condi-
tions (i)–(iv) as above, and we can continue the process, and ﬁnally we will
ﬁnd elements g˜1	    	 g˜m with the following properties:
(1) The element ρ	g˜i
 is proximal for every i	 1 ≤ i ≤ m.
(2) A	ρ	g˜i

 ⊆ P\A′	ρ	g˜j

	 1 ≤ i	 j ≤ m,
(3) 	v0	g˜i
	 v0	gi

 ≥ 1− ε, 1 ≤ i ≤ m.
Now, by Lemma 2.2, there is N	 N ∈ , such that g˜n1 	    	 g˜nm is a freely
generated free semigroup if n ≥ N . so it is enough for all i	 1 ≤ i ≤ m, to
set g∗i = g˜n0i , where n0 ≥ N , because v0	g˜mi 
 = v0	g˜i
 for every m	m > 0.
Theorem. If S is a Euclidean semigroup which acts discontinuously on
n, then the connected component 	S
0 of the Zariski closure of the linear
part 	S
 of S is a reducible group.
Proof. Assume that the semigroup 	S
 is irreducible. then the clo-
sure 	S
 is an irreducible group. The subspace spanv0	s
	 s ∈ S is 	S
-
invariant; then span v0	s
	 s ∈ S = n. By Corollary 4.3 there are ele-
ments g1	    	 gm on S and positive numbers α1	    	 αm	 αi ∈ , such that
(1) α1v0	g1
 + · · · + αmv0	gm
 = 0.
(2) spanv0	g1
	    	 v0	gm
 = n.
Let ε > 0 be a real number such that if v1	    	 vm are norm 1 vectors
and 	vi	 v0	gi

 ≥ 1− ε for all i = 1	    	m, then the convex cone spanned
by v1	    	 vm also contains zero.
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Using Proposition 4.5, we can ﬁnd a set g∗1	    	 g
∗
m and g
∗ such that
(1) g∗1	    	 g
∗
m freely generate a free subsemigroup in Isom 
n;
(2) 	v0	g˜∗i 
	 v0	gi

 ≥ 1− ε, i = 1	    	m;
(3) spanv0	g∗1
	    	 v0	g∗m
 = n.
The zero belongs to the convex cone spanned by v0	g∗1
	    	 v0	g∗m
. Then,
by Lemma 4.4, the subsemigroup generated by g∗1	    	 g
∗
m is crystallo-
graphic. On the other hand, it is easy to extend the set g∗1	    	 g
∗
m to the
set g∗1	    	 g
∗
m	 g
∗ such that these elements freely generate a free semi-
group. Now, using the fact that a semigroup generated by g∗1	    	 g
∗
m is
crystallographic, one can arrive at a contradiction by using the following
arguments.
Let K be a compact subset in n and let S˜K = n, where S˜ is a sub-
semigroup generated by g∗1	    	 g
∗
m. Then for every n	m ∈ , n > 0, we
can ﬁnd positive integers k1	n
	    	 kn	n
 such that
	g∗
−nK ∩ (g∗i1)ki	n
 · · · (g∗ir )kr	n
K = 
Thus,
(1) 	g∗
n	g∗i1
k1	n
 · · · 	g∗ir 
kr	n
K ∩K = 
The subsemigroup S˜ generated by g∗	 g∗1	    	 g
∗
m is free and acts discon-
tinuously on n; then by Lemma 2.2 from [6] we will immediately get a
contradiction.
The group O	n
 is irreducible; hence we have
Corollary. Let S be a Euclidean semigroup acting discontinuously on
n; then the linear part 	S
 of S is not Zariski dense in O	n
.
Now let us show how by using these results one can prove Margulis’
conjecture for a crystallographic semigroup acting on a three-dimensional
space. Namely, if S is a crystallographic semigroup, S ⊆ Isom	3
, then S
is a group.
These results were ﬁrst proved in [6], but we used a different technique.
So by the theorem, 	S
 is almost abelian. Assume ﬁrst that the con-
nected component 	S
 0 is trivial. Then 	S
 is a ﬁnite group. Let s1	    	 sm
be a subset in S such that for every s ∈ S there is an element si, 1 ≤ i ≤ m,
with 	s
 = 	si
. We can write any element s ∈ S as a product s = vs	s
.
There is i = i	s
, 1 ≤ i ≤ m, such that 	ssi
 = 1 and so, vs + 	si
−1vi =
ssi ∈ S ∩ n. Let v˜i − 	si
−1vi, i = 1	    	m. Let K be a compact sub-
set in n, such that SK = n. We can assume that K is a ball. Then
we have
⋃
s∈S	K + vs
 = n. If K˜ =
⋃m
i=1	K − vi
 and S˜ = S ∩ n, then
S˜ is crystallographic semigroup, because S˜ · K˜ = n, and, therefore, S˜
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is group. Then, S is a group. Let us now assume that 	S
 0 = e and
V0 = spanv0	s
	 s ∈ S	 	s
 − regular . Assume that dim V0 = 2. Using
almost the same arguments as in the proof of Lemma 4.1, one can show
that V0 is an 	S
-invariant subspace. So, the orthogonal complement V ⊥0 is
also 	S
 invariant, and the restriction 	S
 0V ⊥0 is trivial. Then for every
regular element s in S, dim V 0s ≥ 2, where V 0s = v ∈ n	 	s
v = v.
Hence, dim V 0s = 3 and 	S

0
V 0s = 3, or 	S

0 = 1. So, dim V0 = 1.
Fix a vector v0, v0 ∈ V0. The semigroup S is crystallographic; then we can
show that there are two regular elements s1 and s2 from S such that
(1) 	v0	s1
	 v0
 < 0 < 	v0	s2
	 v0
;
(2) V0 = V1 = v  	s1
mv = v = V2 = v  	s2
mv = v for all
m ∈ .
The easiest way to ﬁnd such an element is the following: let K be a
compact subset in 3 such that SK = 3 and let L be a line parallel to
v0 such that the intersection K ∩ L is a non-empty set. Let x0 ∈ K ∩ L
and let xnn∈ and ynn∈ be subsets of points of L with the following
properties:
(3) 	xn − x0	 v0
 > 0, 	yn − x0	 v0
 < 0, for all n, n ∈ ;
(4) d	xn	 x0
 → ∞ and d	yn	 x0
 → ∞ when n→∞.
Then there are two subsets of elements in S  sii∈ and ¯¯sii∈ such
that
(5) s¯−1n xn ∈ K, ¯¯s−1n yn ∈ K, for all n, n ∈ ;
(6) 	s¯
n and 	¯¯sn
 are regular for all n, n ∈ .
Now, using (2) and (3), we can see that for a large enough number N ,
	v0	s¯N
	 v0
 > 0 and 	v0	 ¯¯sN
	 v0
 < 0.
Now it is easy to see that there are two inﬁnite sets N1, N1 ⊆  and N2,
N2 ⊆  such that if p0 ∈ A0	s1
 and d0 = d	A0	s1
	A0	s2

, the distance
between linesA0	s1
 andA0	s2
, then d	p0	 sn22 sn11 p0
 ≤ 2d0 for all n1 ∈ N1,
n2 ∈ N2. But this is impossible since S acts discontinuously on 3.
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